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Abstract: The well-known two overlapping coefficients; Pianka and Kullback-Leibler are considered to be important
measures that focus on measuring the closeness or similarity between two continuous or discrete probability
distributions. A general expression for each of them has been developed for some statistical distributions, such as
exponential distribution and Weibull distribution. In this research, we focused on the most famous statistical distribution,
which is the normal probability distribution.Our main contribution in this paper is to derivation and estimation the two
overlapping coefficients Pianka (PI) and Kullback-Leibler (KL) under the assumption of existing a pair of normal
distributions. The mathematical formulas (parameters) for each of the PI and KL coefficients were obtained without
imposing any restrictions on the parameters of the pair normal distributions. To complete the estimation process of each
resulting parameter, an estimator was proposed for each of them by deriving the maximum likelihood estimator based on

the assumption of existing two independent random samples, each following the statistical normal distribution.
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1 Introduction

The importance of overlapping (OVL) coefficients
comes from their potential use and application in many
fields, such as environment [1], genetic [2] and reliabil-
ity analysis [3]. Also, in recent years, it has become im-
portant in the goodness of test (see [4, 5]). There are five
known and important OVL coefficients, which are
Matusita (p), Morisita (A), Weitzman (A), Pianka (PI)
and Kullback-Leibler (KL) (see [6-11]). These coeffi-
cients measure the similarity or agreement between two
distributions. Referring to the literature, we find that
researchers' interest has focused on estimating these co-
efficients using two methods: the parametric method
(see [12-20]), which assumes a pair of known distribu-
tions but with unknown parameters and the non-

parametric method (see [6, 21-25]), which assumes that
the pair of distributions under study is unknown. There
is a greater focus from researchers on studying the first
three OVL coefficients, but the study of the other coeffi-
cients has not received the same attention, even though
they are no less important than the other coefficients. In
this study, we focused our attention on examining the
Pianka and Kullback-Leibler coefficients, assuming the
existence of two normal distributions. A research [26]
studied Kullback-Leibler coefficients under pair expo-
nential distributions and research [9] examined the two
coefficient under pair Weibull distributions.

Let X and Y be two independent continuous random
fx(x; 1, 0f) = N(uy, 07) and

variables follow
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fy (x; U, 03) = N(uy, 0F) respectively, where N(u,02)is  ance o2 then the formulas of these two measures are de-
the pdf of a normal distribution with mean pu and vari-  fined by, Pianka coefficient [9, 26].

I fx(x:u1.02) fr (x:12,0%) dx

Pl =
S emaot) P ax Slf (omao) ax

Kullback-Leibler coefficient [9, 26]

1
1+ (fx (o)~ fr (tiz.03) )1og( fx (u1.02) / fy (12.03) ) dx

2 Pianka Coefficient and Normal Distributions

We will derive the exact value of Pianka measure (PI) between X and Y without assuming any restrictions on the loca-
tion parameters or the scale parameters. Define,

122 fx(xpa,02) fy (x:12,03) dx Iy

[ e o) ax (2l Genpo)Fax - VP

PI

where,

Zyy = fjooofx(x; M1,012)fy(x; llz'UzZ) dx,Zyyx = f_t[fx(x; Il1,012)]2dxa Zyy = f_oooo[fy(xi Mz:Uzz)]zdx
Therefore,

1

o —(v2_ 2 2 —(v2_ 2 2
ZXY = P f_oo e~ (X" =2xpy +ug) /207 o= (X" =2xp2+U35)/20%
192
() ()R- () (5)- ()
— 1 J«oo e 20% 20% 20% 20% 20% 20% dx
210105 ¥ —®
L) o e
= esz%“%f e 20af o3 o o3/ dx
27010, -
To simplify the notations, let
1(H1, K2
1 -—(—z+—z) 1 1
= 2\o1 07 R1=—2+—ZandR2=#—;+”—§,
2moq0; i 02 1 2
then,
2 2 2
0 _1 2_ Ry(Rz V2m r0o /R R x—ﬁ \V2m Ry
ZXY = Cf e 2{R1X 2R2x}dx = (Ce?z2 (Rl) _f _1e 2 ( Rl) dx = C —=e2R1
- Ry /-0 2w JR1
After some simplification, we get,
1 _(ra-pp)?
ZXY _-— e 2(0’%+D’%)
2m(02+0%)
The other two quantities Zyy and Zyy can be counting as follows,
Zux = [ G, PP = () [0
— . = 1
XX (6 pg, 01 X oVZT —o € X
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B ( 1 )2 PN [ N —ﬁ(x—ul)zd 1
~ \ov2r V2 J-oo alx/ﬁe X = 200V
If the last result is Zyy = ——— is considered to be a function of y; and o2 (say, Y (iy, 62)) then

201V
1
Zyy = Pz, 07) = =

T

Thus,

1
vV ZXXZYY - ZW'

Finally, the formula of OVL Pianka coefficient (PI) is,

— _(u1-pp)?
Pl = Zxy = —20’10’2 e 2(0i+0%)
Vot gz 1at)

On one hand, if we assume that o; = 0, (= o, say) then,

#1-#2)2

Pl = e_( 20

On the other hand, if we assume that u; = u, (= p, say) then,
Pl = J2010,

)

In addition, if 4; = p, and o7 = o, then,

Pl =1.

3 Kullback-Leibler Coefficient and Normal Distributions

In this section is interest to find the exact formula of Kullback-Leibler Measure (KL) under the assumption
X~N(uy,0%) and Y~N(uy, 62). In this case, the formula of KL is given by (See Section 1.2),

KL = L

1453 (it 02~ fy (it 03) tog (L)

The quantity inside the integral in the denominator of the above formula can be simplify as given below,
Therefore, we can write the integral as follows,

Y . 2y _ . 2 fx(x:lll'f’f)) o
S22 (s 0, 07) = i (s o, 03 log (BE) dx = a — b — ¢+

where,
a = [ fi(x;m, 0f) logfy(x; p, of )dlx
b= ffooo fx(x; 11, 0f) log fy (x; 1z, 05 )dx
c= fjooo fr (6 1z, 03) log fx (x; py, o) dx
and
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d= fjooo fr (6 ua, UZZ)IOQfY(xi Uz, Uzz)dx

ifa = w(uy, 0?) then d = w(y, 02). Also, if b = l(uy, 62, 1y, 62) then ¢ = I(uy, 02, uy, 02). Therefore, it is enough to

find a and b or ¢ and d. Now,

a=[" f.06u, 08 logfi(x; uy, o?)dx

o [(x—pp)2 _(x=ta)?
= —logy/2na} —%f_w (xa—fl) \/ﬁe (%) dx
1

2
= —logy/2mc? —%E (Xa—fl)
= —log/2na? —Tilear(X)

= —logy/2na} —%

Therefore, d = —log\/2mo — % Now,
_1(x=#1)? Ry
b = —log\/2na? —f_‘);\/%e :(52) HEn
no?

1
= —lOg\IZTEO'ZZ —T‘ZZE(X —[12)2
1
= —log/2nc? _ZTZZ(EXZ — 2uxEX + u3)

1
= —log/2naf — 2722(012 + (U — 12)?).

Therefore, c = —log+/2ma? — %(022 + (uy — py)?) and

2
o1

1 1
a—-b-c+d = 202 (012 + (g _Hz)z) +_202 (0'22 + (2 _.ul)z) -1
2 1

Finally, after some simple calculations we obtain the value of Kullback-Leibler (KL) coefficient, which is given by,

1 2

L 2 _ 2 L 2 _ 2 = o5 o 1 1
+ + + 95,

22O+ (H1=12)*) 472 (0F + (2= p)?) s T(#1-#z)2(a—%+a—%)

KL =

Again, if 0; = 0, = 07, then,
2

KL =—~——,
2+(§)(#1—ﬂ2)2
but if u; = u,, then,
KL= >
Also, if u; = u, and o; = g, then,
KL =1
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4 ML Estimators of Pianka and Kullback-Leibler Coefficients

Let fy(x; fiy, 62) and fy (x; Ay, 67) be the maximum likelihood (ML) estimators of fy (x; 1y, o) and fy (x; uy, 02)
where Xy, X5, ..., X, be a random sample of size n, from N (u,, o) and Yy, Y,, ..., Y, be another random sample of size
n, from N (u,, 0), where the two samples are independent. To find the ML estimators of uy, u,, oZand o%.

The joint pdf of X, X5, ..., Xpn,,

fX(xlij: e Xngs #1'012) = (

and the joint pdf of Y, Y5, ..., ¥y, i,

fy()"p)"z: v Vnys HZ»UZZ) = (

Therefore, the likelihood function of py, uy, 02, 62 is,

LGt a2, 09) = (=)™ (

2na?
and the natural logarithm of L(uy, u,, 62, 02) is,

2 2Y — n 2 n
InL(py, pp, 01, 03) = — 71n01 Yy

By finding the derivatives of InL(uy, yy, 07, ) with
respect to each uq,u,, oZand o7 and equating to zero,
yields the ML estimators of u;, u,, o and 2, which are
respectively given by, 4, =X, 0, =Y,62=S5? and
63 =53 , where, X =71 X;/n,, Y =372 Y/n,;,
St =372, = X)? /nyand SF = Y72, (Y — V)? /ny.

Therefore, the ML estimators of the two OVL measures
PI and KL are respectively,

_x-72
Pl = L251%2 o Tastesh),
(S7+s9)
and
= 2
KL = 5% 52 1,1
1220 (V)2 ——
stz (XY (s§+s§)

5 Discussion

After finding the corresponding integral value for each of
the PI and KL overlapping coefficients and presenting it in an
closed form, we proposed the ML estimator for each overlap-
ping coefficient. As it is well known, the ML estimator is good
estimator and is at least a consistent estimator as the sample
size increases. That is, it is unbiased and its variance ap-
proaches zero as the sample size increases. Also, asymptotic

)nz/z -

2
2mos

Ly (Fk)®

e 2 =1\ o9

1 )1’11/2

2
2mo;

iy (yi—#z)z
e 24i=1 ap

1 )1’12/2

2
2mos

1ym (xi_u1)2__12nz (yi_uz)z
24i=1\ gq 2 “i=1\ o,

2 2
2 _lgmi (%imm)? _1gn, (Yicke
of 32 (7)) —32E (50)

o oy

distribution of the ML estimator can be found as the sample
sizes increase. Based on these asymptotic distributions, confi-
dence intervals can be established for each of the PI and KL
overlapping coefficients. This topic is currently under
study as an idea for an upcoming research project.
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