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Abstract: The well-known two overlapping coefficients; Pianka and Kullback-Leibler are considered to be important 

measures that focus on measuring the closeness or similarity between two continuous or discrete probability 

distributions. A general expression for each of them has been developed for some statistical distributions, such as 

exponential distribution and Weibull distribution. In this research, we focused on the most famous statistical distribution, 

which is the normal probability distribution.Our main contribution in this paper is to derivation and estimation the two 

overlapping coefficients Pianka (PI) and Kullback-Leibler (KL) under the assumption of existing a pair of normal 

distributions. The mathematical formulas (parameters) for each of the PI and KL coefficients were obtained without 

imposing any restrictions on the parameters of the pair normal distributions. To complete the estimation process of each 

resulting parameter, an estimator was proposed for each of them by deriving the maximum likelihood estimator based on 

the assumption of existing two independent random samples, each following the statistical normal distribution.  
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1 Introduction 

The importance of overlapping (OVL) coefficients 

comes from their potential use and application in many 

fields, such as environment [1], genetic [2] and reliabil-

ity analysis [3]. Also, in recent years, it has become im-

portant in the goodness of test (see [4, 5]). There are five 

known and important OVL coefficients, which are 

Matusita (ρ), Morisita (λ), Weitzman (Δ), Pianka (PI) 

and Kullback-Leibler (KL) (see [6-11]). These coeffi-

cients measure the similarity or agreement between two 

distributions. Referring to the literature, we find that 

researchers' interest has focused on estimating these co-

efficients using two methods: the parametric method 

(see [12-20]), which assumes a pair of known distribu-

tions but with unknown parameters and the non-

parametric method (see [6, 21-25]), which assumes that 

the pair of distributions under study is unknown. There 

is a greater focus from researchers on studying the first 

three OVL coefficients, but the study of the other coeffi-

cients has not received the same attention, even though 

they are no less important than the other coefficients. In 

this study, we focused our attention on examining the 

Pianka and Kullback-Leibler coefficients, assuming the 

existence of two normal distributions. A research [26] 

studied Kullback-Leibler coefficients under pair expo-

nential distributions and research [9] examined the two 

coefficient under pair Weibull distributions. 

Let 𝑋  and 𝑌  be two independent continuous random 

variables follow 𝑓𝑋(𝑥; 𝜇1, 𝜍1
2) = 𝑁(𝜇1, 𝜍1

2)  and 
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𝑓𝑌(𝑥; 𝜇2, 𝜍2
2) = 𝑁(𝜇2, 𝜍2

2) respectively, where 𝑁(𝜇, 𝜍2) is 

the 𝑝𝑑𝑓 of a normal distribution with mean 𝜇  and vari-

ance 𝜍2 then the formulas of these two measures are de-

fined by, Pianka coefficient [9, 26]. 

𝑃𝐼 =
∫𝑓𝑋(𝑥;𝜇1,𝜎1

2)𝑓𝑌(𝑥;𝜇2,𝜎2
2) 𝑑𝑥

√∫[𝑓𝑋(𝑥;𝜇1,𝜎1
2)]

2
𝑑𝑥 ∫[𝑓𝑌(𝑥;𝜇2,𝜎2

2)]
2
𝑑𝑥 

  

Kullback-Leibler coefficient [9, 26] 

𝐾𝐿 =
1

1+∫.𝑓𝑋(𝑥;𝜇1,𝜎1
2)−𝑓𝑌(𝑥;𝜇2,𝜎2

2)/𝑙𝑜𝑔.𝑓𝑋(𝑥;𝜇1,𝜎1
2)/𝑓𝑌(𝑥;𝜇2,𝜎2

2)/ 𝑑𝑥
  

2 Pianka Coefficient and Normal Distributions 

We will derive the exact value of Pianka measure (PI) between 𝑋 and 𝑌 without assuming any restrictions on the loca-

tion parameters or the scale parameters. Define, 

𝑃𝐼 =
∫ 𝑓𝑋(𝑥;𝜇1,𝜎1

2)𝑓𝑌(𝑥;𝜇2,𝜎2
2) 𝑑𝑥

∞

−∞

√∫ [𝑓𝑥(𝑥;𝜇1,𝜎1
2)]

2
𝑑𝑥

∞

−∞ ∫ [𝑓𝑦(𝑥;𝜇2,𝜎2
2)]

2
𝑑𝑥 

∞

−∞

=
𝑍𝑋𝑌

√𝑍𝑋𝑋𝑍𝑌𝑌
  

where, 

𝑍𝑋𝑌 = ∫ 𝑓𝑋(𝑥; 𝜇1, 𝜍1
2)𝑓𝑌(𝑥; 𝜇2, 𝜍2

2) 𝑑𝑥
∞

−∞
, 𝑍𝑋𝑋 = ∫ ,𝑓𝑋(𝑥; 𝜇1, 𝜍1

2)-2𝑑𝑥
∞

−∞
, 𝑍𝑌𝑌 = ∫ ,𝑓𝑌(𝑥; 𝜇2, 𝜍2

2)-2𝑑𝑥 
∞

−∞
  

Therefore, 

𝑍𝑋𝑌 =
1

2𝜋𝜎1𝜎2
 ∫  e−(𝑥

2−2𝑥𝜇1+𝜇1
2)/2𝜎1

2
 e−(𝑥

2−2𝑥𝜇2+𝜇2
2)/2𝜎2

2
𝑑𝑥

∞

−∞
  

=
1

2𝜋𝜎1𝜎2
∫ e

−(
x2

2𝜎1
2)+(

2𝑥𝜇1

2𝜎1
2 )−(

𝜇1
2

2𝜎1
2)−(

𝑥2

2𝜎2
2)+(

2𝑥𝜇2

2𝜎2
2 )−(

𝜇2
2

2𝜎2
2)
𝑑𝑥

∞

−∞
  

=
1

2𝜋𝜎1𝜎2
e
−
1

2
(
𝜇1
2

𝜎1
2+

𝜇2
2

𝜎2
2)
∫ e

−
1

2
{(

1

𝜎1
2+

1

𝜎2
2)x

2−2(
𝜇1

𝜎1
2+

𝜇2

𝜎2
2)𝑥}

𝑑𝑥
∞

−∞
  

To simplify the notations, let 

𝐶 =
1

2𝜋𝜎1𝜎2
e
−
1

2
(
𝜇1
2

𝜎1
2+

𝜇2
2

𝜎2
2)
, 𝑅1 =

1

𝜎1
2 +

1

𝜎2
2 and 𝑅2 =

𝜇1

𝜎1
2 +

𝜇2

𝜎2
2,  

then, 

 𝑍𝑋𝑌 = 𝐶 ∫ e−
1

2
*𝑅1x

2−2𝑅2𝑥+𝑑𝑥
∞

−∞
= 𝐶e

𝑅1
2
.
𝑅2
𝑅1
/
2
√2𝜋

√𝑅1
∫

√𝑅1

√2𝜋
e
−
𝑅1
2
.𝑥−

𝑅2
𝑅1
/
2

𝑑𝑥
∞

−∞
= 𝐶

√2𝜋

√𝑅1
e
𝑅2
2

2𝑅1  

After some simplification, we get, 

𝑍𝑋𝑌 =
1

√2𝜋(𝜎1
2+𝜎2

2)

e
−
(𝜇1−𝜇2)

2

2(𝜎1
2+𝜎2

2)  

The other two quantities 𝑍𝑋𝑋 and 𝑍𝑌𝑌 can be counting as follows, 

𝑍𝑋𝑋 = ∫ ,𝑓𝑥(𝑥; 𝜇1, 𝜍1
2)-2𝑑𝑥

∞

−∞
= .

1

𝜎1√2𝜋
/
2

∫ 𝑒
−

2

2𝜎1
2(𝑥−𝜇1)

2

𝑑𝑥
∞

−∞
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= .
1

𝜎1√2𝜋
/
2 𝜎1√2𝜋

√2
∫

√2

𝜎1√2𝜋
𝑒
−

2

2𝜎1
2(𝑥−𝜇1)

2

𝑑𝑥
∞

−∞
=

1

2𝜎1√𝜋
  

If the last result is 𝑍𝑋𝑋 =
1

2𝜎1√𝜋
 is considered to be a function of 𝜇1 and 𝜍1

2 (say, 𝜓(𝜇1, 𝜍1
2)) then 

𝑍𝑌𝑌 = 𝜓(𝜇2, 𝜍2
2) =

1

2𝜎2√𝜋
.  

Thus, 

√𝑍𝑋𝑋𝑍𝑌𝑌 =
1

2√𝜋𝜎1𝜎2
.  

Finally, the formula of OVL Pianka coefficient (𝑃𝐼) is, 

𝑃𝐼 =
𝑍𝑋𝑌

√𝑍𝑋𝑋𝑍𝑌𝑌
 =

√2𝜎1𝜎2

√(𝜎1
2+𝜎2

2)

e
−
(𝜇1−𝜇2)

2

2(𝜎1
2+𝜎2

2)  

On one hand, if we assume that 𝜍1 = 𝜍2 (= 𝜍, say) then, 

𝑃𝐼 = e−
.
𝜇1−𝜇2
2𝜎

/
2

.  

On the other hand, if we assume that 𝜇1 = 𝜇2 (= 𝜇, say) then, 

𝑃𝐼 =
√2𝜎1𝜎2

√(𝜎1
2+𝜎2

2)

.  

In addition, if 𝜇1 = 𝜇2 and 𝜍1 = 𝜍2 then, 

𝑃𝐼 = 1. 

3 Kullback-Leibler Coefficient and Normal Distributions 

In this section is interest to find the exact formula of Kullback-Leibler Measure (𝐾𝐿)  under the assumption 

𝑋~𝑁(𝜇1, 𝜍1
2) and 𝑌~𝑁(𝜇2, 𝜍2

2). In this case, the formula of KL is given by (See Section 1.2), 

𝐾𝐿 =
1

1+∫ .𝑓𝑋(𝑥;𝜇1,𝜎1
2)−𝑓𝑌(𝑥;𝜇2,𝜎2

2)/𝑙𝑜𝑔(
𝑓𝑋(𝑥;𝜇1,𝜎1

2)

𝑓𝑌(𝑥;𝜇2,𝜎2
2)
) 𝑑𝑥

∞

−∞

  

The quantity inside the integral in the denominator of the above formula can be simplify as given below, 

Therefore, we can write the integral as follows, 

∫ (𝑓𝑋(𝑥; 𝜇1, 𝜍1
2) − 𝑓𝑌(𝑥; 𝜇2, 𝜍2

2))𝑙𝑜𝑔 (
𝑓𝑋(𝑥;𝜇1,𝜎1

2)

𝑓𝑌(𝑥;𝜇2,𝜎2
2)
)  𝑑𝑥

∞

−∞
= 𝑎 − 𝑏 − 𝑐 + 𝑑  

where, 

𝑎 = ∫ 𝑓𝑋(𝑥; 𝜇1, 𝜍1
2) 𝑙𝑜𝑔𝑓𝑋(𝑥; 𝜇1, 𝜍1

2)𝑑𝑥
∞

−∞
  

𝑏 = ∫ 𝑓𝑋(𝑥; 𝜇1, 𝜍1
2)

∞

−∞
𝑙𝑜𝑔𝑓𝑌(𝑥; 𝜇2, 𝜍2

2)𝑑𝑥  

𝑐 = ∫ 𝑓𝑌(𝑥; 𝜇2, 𝜍2
2) 𝑙𝑜𝑔𝑓𝑋(𝑥; 𝜇1, 𝜍1

2)𝑑𝑥
∞

−∞
  

and 
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𝑑 = ∫ 𝑓𝑌(𝑥; 𝜇2, 𝜍2
2)𝑙𝑜𝑔𝑓𝑌(𝑥; 𝜇2, 𝜍2

2)𝑑𝑥
∞

−∞
  

if 𝑎 = 𝑤(𝜇1, 𝜍1
2) then 𝑑 = 𝑤(𝜇2, 𝜍2

2). Also, if 𝑏 = 𝑙(𝜇1, 𝜍1
2, 𝜇2, 𝜍2

2) then 𝑐 = 𝑙(𝜇2, 𝜍2
2, 𝜇1, 𝜍1

2). Therefore, it is enough to 

find 𝑎 and 𝑏 or 𝑐 and 𝑑. Now, 

𝑎 = ∫ 𝑓𝑥(𝑥; 𝜇1, 𝜍1
2) 𝑙𝑜𝑔𝑓𝑥(𝑥; 𝜇1, 𝜍1

2)𝑑𝑥
∞

−∞
  

= −log√2𝜋𝜍1
2  −

1

2
∫ .

𝑥−𝜇1

𝜎1
/
2∞ 

−∞

1

√2𝜋𝜎1
2
𝑒
−.

𝑥−𝜇1
𝜎1

/
2

𝑑𝑥  

= −log√2𝜋𝜍1
2 −

1

2
𝐸 .

𝑋−𝜇1

𝜎1
/
2
  

= −log√2𝜋𝜍1
2 −

1

2𝜎1
2 𝑉𝑎𝑟(𝑋)  

= −log√2𝜋𝜍1
2 −

1

2
  

Therefore, 𝑑 = −log√2𝜋𝜍2
2 −

1

2
. Now, 

𝑏 = −𝑙𝑜𝑔√2𝜋𝜍2
2 − ∫

1

√2𝜋𝜎1
2
𝑒
−
1

2
.
𝑥−𝜇1
𝜎1

/
2

∞

−∞
.
1

2
.
𝑥−𝜇2

𝜎2
/
2
 𝑑𝑥  

= −𝑙𝑜𝑔√2𝜋𝜍2
2 −

1

2𝜎2
2𝐸(𝑋 − 𝜇2)

2  

= −𝑙𝑜𝑔√2𝜋𝜍2
2 −

1

2𝜎2
2 (𝐸𝑋

2 − 2𝜇2𝐸𝑋 + 𝜇2
2)  

= −𝑙𝑜𝑔√2𝜋𝜍2
2 −

1

2𝜎2
2 (𝜍1

2 + (𝜇1 − 𝜇2)
2).  

Therefore, 𝑐 = −𝑙𝑜𝑔√2𝜋𝜍1
2 −

1

2𝜎1
2 (𝜍2

2 + (𝜇2 − 𝜇1)
2) and 

𝑎 − 𝑏 − 𝑐 + 𝑑 =
1

2𝜎2
2 (𝜍1

2 + (𝜇1 − 𝜇2)
2) +

1

2𝜎1
2 (𝜍2

2 + (𝜇2 − 𝜇1)
2) − 1.  

Finally, after some simple calculations we obtain the value of Kullback-Leibler (𝐾𝐿) coefficient, which is given by, 

𝐾𝐿 = 
1

1

2𝜎2
2(𝜎1

2+(𝜇1−𝜇2)
2)+

1

2𝜎1
2(𝜎2

2+(𝜇2−𝜇1)
2)
= 

2

𝜎1
2

𝜎2
2+

𝜎2
2

𝜎1
2+(𝜇1−𝜇2)

2(
1

𝜎2
2+

1

𝜎1
2)

  

Again, if 𝜍1 = 𝜍2 = 𝜍, then, 

𝐾𝐿 =
2

2+.
2

𝜎2
/(𝜇1−𝜇2)

2
,  

but if 𝜇1 = 𝜇2, then, 

𝐾𝐿 = 
2

𝜎1
2

𝜎2
2+

𝜎2
2

𝜎1
2

  

Also, if 𝜇1 = 𝜇2 and 𝜍1 = 𝜍2 then, 

𝐾𝐿 = 1  
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4 ML Estimators of Pianka and Kullback-Leibler Coefficients 

Let 𝑓𝑋(𝑥; 𝜇̂1, 𝜍̂1
2) and 𝑓𝑌(𝑥; 𝜇̂2, 𝜍̂1

2) be the maximum likelihood (ML) estimators of 𝑓𝑋(𝑥; 𝜇1, 𝜍1
2) and 𝑓𝑌(𝑥; 𝜇2, 𝜍2

2) 

where 𝑋1, 𝑋2,  , 𝑋 1 be a random sample of size  1 from 𝑁(𝜇1, 𝜍1
2) and 𝑌1, 𝑌2,  , 𝑌 2 be another random sample of size 

 2 from 𝑁(𝜇2, 𝜍2
2), where the two samples are independent. To find the ML estimators of 𝜇1, 𝜇2,  𝜍1 

2a   𝜍2
2. 

The joint 𝑝𝑑𝑓 of 𝑋1, 𝑋2,  , 𝑋 1 , 

𝑓𝑋(𝑥1, 𝑥2,  , 𝑥 1;  𝜇1, 𝜍1
2) = .

1

2𝜋𝜎1
2/
 1 2⁄

𝑒
−
1

2
∑ .

𝑥 −𝜇1

𝜎1
/
2 1

  1   

and the joint 𝑝𝑑𝑓 of 𝑌1, 𝑌2,  , 𝑌 2  is, 

𝑓𝑌(𝑦1, 𝑦2,  , 𝑦 2 ; 𝜇2, 𝜍2
2) = .

1

2𝜋𝜎2
2/
 2 2⁄

𝑒
−
1

2
∑ .

𝑦 −𝜇2

𝜎2
/
2 2

  1 .  

Therefore, the likelihood function of 𝜇1, 𝜇2, 𝜍1
2, 𝜍2

2 is, 

𝐿(𝜇1, 𝜇2, 𝜍1
2, 𝜍2

2) = .
1

2𝜋𝜎1
2/
 1 2⁄

.
1

2𝜋𝜎2
2/
 2 2⁄

𝑒
− 
1

2
∑ .

𝑥 −𝜇1

𝜎1
/
2 1

  1 − 
 1

2
∑ .

𝑦 −𝜇2

𝜎2
/
2 2

  1   

and the natural logarithm of 𝐿(𝜇1, 𝜇2, 𝜍1
2, 𝜍2

2) is, 

𝑙 𝐿(𝜇1, 𝜇2, 𝜍1
2, 𝜍2

2) = − 
 1

2
l 𝜍1

2 − 
 2

2
l 𝜍2

2 −
1

2
∑ .

𝑥 −𝜇1

𝜎1
/
2 1

  1 −
1

2
∑ .

  −𝜇2

𝜎2
/
2 2

  1   

By finding the derivatives of 𝑙 𝐿(𝜇1, 𝜇2, 𝜍1
2, 𝜍2

2) with 

respect to each 𝜇1, 𝜇2,  𝜍1 
2a   𝜍2

2  and equating to zero, 

yields the ML estimators of 𝜇1,  𝜇2 ,  𝜍1 
2 a   𝜍2

2, which are 

respectively given by,  𝜇̂1 = 𝑋,̅ 𝜇̂2 = 𝑌̅, 𝜍̂1
2 =  1

2  and 

𝜍̂2
2 =  2

2 , where, 𝑋̅ = ∑ 𝑋 / 1
 1
  1 ,  𝑌̅ = ∑ 𝑌 / 2

 2
  1 , 

 1
2 = ∑ (𝑋 − 𝑋̅)

2 1
  1 / 1 and  2

2 = ∑ (𝑌 − 𝑌̅)
2 2

  1 / 2. 

Therefore, the ML estimators of the two OVL measures 

𝑃𝐼 and 𝐾𝐿 are respectively, 

𝑃𝐼̂ =
√2 1 2

√( 1
2+ 2

2)

e
−
(𝑋̅−𝑌̅)2

2( 1
2+ 2

2),  

and 

𝐾𝐿̂ =  
2

 1
2

 2
2+

 2
2

 1
2+(𝑋̅−𝑌̅)

2(
1

 2
2+

1

 1
2)
.  

5 Discussion 

After finding the corresponding integral value for each of 

the 𝑃𝐼 and 𝐾𝐿 overlapping coefficients and presenting it in an 

closed form, we proposed the ML estimator for each overlap-

ping coefficient. As it is well known, the ML estimator is good 

estimator and is at least a consistent estimator as the sample 

size increases. That is, it is unbiased and its variance ap-

proaches zero as the sample size increases. Also, asymptotic 

distribution of the ML estimator can be found as the sample 

sizes increase. Based on these asymptotic distributions, confi-

dence intervals can be established for each of the 𝑃𝐼 and 𝐾𝐿 

overlapping coefficients. This topic is currently under 

study as an idea for an upcoming research project. 
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