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Abstract: The lemniscatic functions and their inverses play a vital role in various fields of applied science. In classical
mechanics, they appear in the exact solutions of the nonlinear pendulum equation and describe the trajectories of
particles in central force fields. In electromagnetism, they are involved in the modeling of electric and magnetic field
distributions with elliptic symmetry. Moreover, in engineering mathematics and optical system design, lemniscatic
functions arise in problems involving wave propagation, signal transmission, and conformal mappings. Their
mathematical properties make them valuable tools in both theoretical analysis and computational modeling. Lemniscatic
functions, such as Gauss’ arc lemniscate sine and the hyperbolic arc lemniscate sine, arise from the incompletely
symmetric elliptic integral of the first kind. In 2007, Neuman introduced additional lemniscatic functions including the
arc lemniscate tangent and its hyperbolic counterpart. These functions have attracted considerable attention due to their
deep connections with elliptic integrals and their applications in inequality theory. In this paper, we build upon recent
work by Wei, He, and Wang (2020), who established Shafer—Fink type inequalities for these lemniscatic functions.
Employing methods from real analysis, we present new and sharper refinements of these inequalities. Specifically, we
establish double inequalities for Gauss’ arc lemniscate sine, the hyperbolic arc lemniscate sine, arc lemniscate tangent
and its hyperbolic counterpart bounded by rational expressions involving radical terms. These results not only improve
the existing Shafer—Fink type inequalities but also provide further insight into the monotonicity and convexity properties
of the involved lemniscatic functions. Our approach offers a unified framework for deriving tight bounds for all four
Neuman lemniscatic functions, contributing to the broader understanding of special function inequalities. These results
represent significant refinements over previous known estimates and open avenues for further generalizations.
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1 Introduction

For X,¥,2>0 with Xy +xz+yz=0 , the incompletely defined by R. (X y,2)=%I§°[(t+X)(t+y)(t+z):|’“2dt_

symmetric elliptic integral of the first kind R; (X, y,Z) [1] is
The Gauss' arc lemniscate sine and the hyperbolic arc

lemniscate sine functions are defined as follows (see [2,
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3D:
« dt
arcsl(x):joﬁ, x| <1 (1)
and
« dt
arcslh(x):joﬁ, Xe| @)

respectively.
It was shown by Carlson in [1, Ex. 8.1-5, 8.3-7] that

arcsl(x) = xR. (1— X2, 1+ xz,l)

arcslh(x) = xR (1-ix*,1+ix*,1)
Moreover, the arc lemniscate sine function has a simple
geometric interpretation: it represents the arc length
measured from the origin to a point with polar coordinates

on the Bernoulli lemniscate r? = cos 2@ is arcsl (r)

Another pair of arc lemniscate functions, the Gauss' arc
lemniscate tangent and the hyperbolic arc lemniscate tan-
gent functions are defined in terms of the arc lemniscate
sine and the hyperbolic arc lemniscate sine functions, re-
spectively (see [4]):

arctl (x) = arcsl [

\/L)E_XJ Xe @A)

and

arctlh(x):arcslh[ X J x| <1. (4)
4 1_ X4

Further, the first lemniscate constant (c. f. [2], Theorem
1.7) and [7]) is given by

I?(1/4
w=arcsl (1) == 1/2)= A4 1 31108

7 INGTS

And some related constants that will be used later

o =arcsih(1) =@/ 2 =0.92703L
x = arcslh(+0) = 20 =1.85407L

r=arctl(1) = arcsl (1/ {‘/5) =0.89558L
where

I(x)=[ t"e"dt

is the classical Euler gamma function [8-10] and

dée

AR )

=R.(0.1-r%2) (0<r<1)

is the complete elliptic integral of the first kind [11-15].

In recent few years, approximations of the arc lemnis-
catic functions have attracted the attention of many re-
searchers. In particular, many remarkable properties and
inequalities related to these functions can be found in the
literature [5, 16-20].

Recently, Neuman [6] presented the simple lower and
upper bounds for the lemniscate functions as follows:

arcsl(x)

1/2
5 -1/10
< <(1-x* ,
[3 +241-x* ] X ( )

arcslh(x)

5 1/2
< <(1+X
(3+ 241+ x“J X (

4 )—1/10

1/2
5 arctlh(x) 4\-3/20
< <(1-x ,
(3\/1— X + 2] X ( )
1/2
5 arctl (x) N30
< <(1+X
[3x/1+ Xt + 2] X ( )

forall 0<|x|<1.
Wei et al. [21] proved the Shafer-Fink type inequali-
ties.

5 arcsl (x)

5
< < , (5)
4+1-x* X 3+2{1-x*

5 § arcslh(x) . 5 ©)
4+4+1+x X 34241+ x*
tlh
10 § arctlh(x) . 5 o
7 +3J1-x* X 2+31-x

10 arctl(x) 5

< <
7+3J1+x* X 2+3Y1+x*

forall 0<|x| <1,

(®)

Motivated by inequalities (5)—(8), we continue our
study of the so-called Shafer—Fink type inequalities in the
context of arc lemniscatic functions. The main purpose of
the article is to present the best possible parameters

A A A A i 1, iand p, such that the double inequal-
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30 Fan Zhang et al.. Further Refinements of Shafer—Fink type Inequalities for Lemniscatic Functions

ities.
1 arcsl(x)
<
2 +2(415-2)1-x" +(4 -3/5)y1-x* X

1
<
o +2(415— 1) Y1—x* + (24 —315)1-x*

1 arcslh(x)

<
2, +2(415-2,) 41+ %" +(4, -3/5)\1+x* X

. 1
t, +2(415- 1)1+ X + (2, —=3/5)V1+x*

1 <arctlh(x)
A+ (715-22,)1-x* +(4,—2/5)\1-x* X
1
iy +(715-24) 41— x* + (g, —2/5)N1-x*
1 <arctl(x)
A +(715-22,) 1+ X" +(4, —215)J1+x* X

. 1
, +(715-20,) 1+ X" + (1, —215)\1+x*

<

forall 0 <|x| <1,

2 Lemmas

To prove our main results, we first introduce some basic knowledge of arc lemniscate functions along with two es-
sential lemmas, which are presented in this section. Using their definitions and the chain rule, we recall the derivative
formulas of the arc lemniscate functions as follows:

d [arcsl (x)] - X4)71/Z d [arctlh(x)]

(1 A\
dx dx =(t=x) , |X|<1_

d[arcsih(x)] ~(
dx

Ly ),1,2 d[arctl(x)] (14 ),3,4
, dx S Xej
Lemma2.1Let p, = [5—(‘/5(8—34/5)0}/[5(1—4/5)2 o} =0.6844L , pe(0,1) and

f (t)=(25p* -5p—6)t° —10(5p* —13p+6)t* +25(p* +2p—2)t+10(5p—4) (9)

Then the following statements are true:
(1) 1f p=52/75, then f (t)<Oforallt(0,1)and f (t)>O0forallte (14/5)
(2) If p=1/ @, then there exists 77 € (0,1) such that f (t) <Ofort€(0,7)and f (t)>0forte(n,1);
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(3) If p = p, , then there exists ¢ € (1, QE) such that f (t) <Oforte(L¢)and f (t)>0fort e (giﬁ) :
Proof (1) If p=52/75, then (9) becomes

f(t) =Zi%(t —1)(287t* +973t +600)

Therefore, part (1) follows easily from (10).
(2) If p=1/ w, then numerical computations lead to

25p’ —5p—6=4.7312L >0,5p’ —13p+6=—1.0068L <O,
p>+2p—2=0.1073L >0,5p—-4=-0.1862L <O,
225p-156=15.6209L >0, 295p-188=37.0141L >0,
It follows from (9) and (11)-(13) that
f(0)=10(5p—4)<0, f(1)=295p-188>0,
f'(t)=3(25p* —5p—6)t* —20(5p* —13p +6)t +25( p* +2p—2) >(295p—188)t* >0
fort€(0,1).

Therefore, part (2) follows easily from (14) and (15).
(3) If p=p,, then numerical computations lead to

25p? —5p—6=2.2887L >0,5p> —13p+6=—0.5553L <0,
p?+2p—2=-0.1627L <0,295p-188=13.9053L >0
It follows from (9) and (16)-(17) that
f(1)=295p—188=13.9053L >0,
f(42)=2"(25p* ~5p—6)-1052(5p* ~13p+6)
+2542(p* +2p-2)+10(5p - 4)=1.0867L >0,
f (t)=3(25p* —5p—6)t* —20(5p° —13p +6)t +25( p* +2p—-2)
>(295p-188)>0
forte(l,i‘/?).
Therefore, part (3) follows easily from (18)-(20).
Lemma 2.2 Let P, =[5—4/§(7—24/§)r]/[5(1—{‘/§)2 z’} ~0.4857L | p(0,1)and
g9(t)=5(5p—2)t* +(25p* +30p—16)t* —~10(5p* ~12p+5)t +5(5p* +10p—7)

Then the following statements are true:

31

(10)

(11)
(12)

(13)

(14)

(15)

(16)

a7

(18)

(19)

(20)

(21)
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32 Fan Zhang et al.. Further Refinements of Shafer—Fink type Inequalities for Lemniscatic Functions

(1) If p=37/75, then g (t) < Oforallt  (0,1)and g (t) > O for all t (1,4/2);

(2) If p=1/«, then there exists & €(0,1) such that g (t) <Ofort €(0,£) and g (t) >0 fort e(&,1);
(3) If p= p,, then there exists ¢ e(l,(‘E) such that g (t) <Oforte(L,¢)and g (t)> O fort e({,iﬁ) .
Proof (1) If p=37/75, then (21) becomes

1
g(t)= E(t —1)(525t* +1624t + 956 (22)

Therefore, part (1) follows easily from (22).
(2) If p=1/ x, then numerical computations lead to

5p—2=0.6967L >0,25p> +30p—16=7.4531L >0, (23)
5p> —12p+5=-0.0177L <0,5p*> +10p—7=-0.1519L <O, (24)
225p—111=10.3543L >0,255p—112=255349L >0, (25)

It follows from (21) and (23)-(25) that
g(0)=5(5p* +10p-7)<0,g(1)=225p-111>0, (26)
g'(t)=15(5p—2)t* +2(25p* +30p—16)t —10(5p* ~12p +5)
>(255p-112)t* >0 7)

fort€(0,1).
Therefore, part (2) follows easily from (26) and (27).
(3) If p=p,, then numerical computations lead to

5p—-2=0.4288L >0,25p? +30p—16=4.4724L >0, (28)
5p’—-12p+5=0.3506L >0,255p—-112=11.8717L >0. (29)
It follows from (21) and (28)-(29) that

g(1)=225p-111=-1.7014L <O, (30)
o(4/2)=25(1-42) p* +5(548 +6v2 + 2442 +10) p
—(104/5 +161/2 +504/2 +35) = 0.9497L >0, (31)
g'(t)=15(5p—2)t* +2(25p* +30p—16)—10(5p* ~12p +5)
>255p-112>0 (32)

forte(l,&‘/f).

Therefore, part (3) follows easily from (30), (31) and (2.24).
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3 Main Results

In this section, we are in a position to state our main results.
Theorem 3.1 The double inequality

1 <arcsl(x) - 1
A +2(415-4)—x" +(2 -315)1-X’ X 4 +2(415— 1) 1—x* + (1, —3/5)y1-x*

holds for all 0<|X| <1lif and only if 2 >1/@=0.7627L and 4 <52/75=0.6933L .
Proof. Without loss of generality, we assume x € (0,1). Let p €(0,1) and

F (x)=arcsl(x)- X
’ p+2(4/5-p)i1-x* +(p-3/5)1-x*" 33)
Then elementary computations lead to
limF, (x)=0, (34)
trp F(x)=w-1/p (35)
(1—4/1— X" )2 f (4/1— x“)
F=— z <o
(1-x)"[5p+2(4-5p)¢L-x" +(5p-3)N1-x |
where f (e) is defined as in Lemma 2.1.
We divide the proof into three cases.
Case 1.1 p=52/75. Then Lemma 2.1 (1), (34) and (36) imply
F, (X) <0 (37

forallxe(0,1).
Therefore,

75X
52 +164/1— x* + 71— x*

arcsl(x) <

for x € (0,1) follows from (33) and (37).
Case 1.2 p=1/@. Then Lemma 2.1 (2) and (36) lead to the conclusion that there exists 7" €(0,1) such that F, (x) is
strictly increasing on (O, 77*:| and strictly decreasing on [77*,1) . Note that (35) becomes

lim Fp(X)=O_ (38)

It follows from (34) and (38) together with the piecewise monotonicity of F, (X) that
F,(x)>0 (39)

forallxe(0,1).

http://Aww.wjoms.com
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Therefore,

S5wx
5+2(40-5){1-x" +(5-3w)\1-x*

arcsl(x) >

for x € (0,1) follows from (33) and (39).
Case 1.3 52/75< p<1/w. Then it follows from (3.1), by Taylor expansion,

F
Iim&:i(p—s—zj>0, (40)
x-0" X 16 75
limF, (x)<0, (41)

x—1"

Equations (33) and inequalities (40) and (41) imply that there exists small enough 0 < 8, <1and large enough0 < &, <1
such that

5x

5p+2(4-5p)L-x* +(5p-3)y1-x'

arcsl(x) >

for all x(0,6,)and

5x

5p+ 2(4—5p){‘/1— x* +(5p—3)v1-x*

arcsl(x) <

forallxe(1-5,1).
Therefore, Theorem 3.1 follows from Cases 1.1- 1.3 and the monotonicity of F, ().
Theorem 3.2 The double inequality

1 <arcslh(x) - 1
A +2(415-2,) 1+ %" +(4, —3/5)1+ X" X t,+2(415— 1, )L+ X" + (1, =3/ 5)N1+x*

hold for all 0 <|x| <1if and only if 4, >52/75=0.6933L and z, < p, =0.6844L , where p, is defined in Lemma 2.1.
Proof. Without loss of generality, let p €(0,1), x € (0,1) and

X

G e ) s m) e + (p-a/S “2
Then simple computations lead to
!Lrp G,(x)=0, (43)
imG, (x)=o - >
e 5(1-42) p+4v2(8-312) (44
(«“/1+ x* —1)2 f ({‘/1+ x“)
G, (x)= (45)

(1+x)" (5p+2(4~5p) e x +(5p-3))

http://www.wjoms.com
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where f (e) is defined as in Lemma 2.1.

We divide the proof into three cases.
Case 2.1 p=52/75. Then from Lemma 2.1 (1), (43) and (45) we obtain

G,(x)>0 (46)

forallxe(0,1).
Therefore,

5x
e re o
for x € (0,1) follows from (42) and (46).
Case 2.2 p=0p,. Then Lemma 2.1 (3) and (45) lead to the conclusion that there exists¢” (0,1)such thatG, () is
strictly decreasing on(0,5" ] and strictly increasing on[ ¢",1) . Note that (44) becomes

IimGp(X)=0_ (47)

x—1"

It follows from (43) and (47) together with the piecewise monotonicity of G, (X) that
G,(x)<0 (48)

forallxe(0,1).
Therefore,

5x

arcslh(x) <
(x) 5p, +2(4-5p,)¥1+x* +(5p, —3)+/1+x"*

for x € (0,1) follows from (42) and (48).
Case 2.3 p, <p<52/75.Then (42) and (44) lead to

G
Iim&:i(p—gj<0, (49)
0" X 16 75
limG, (x)>0, (50)

x—1"
Equations (42) and inequalities (49) and (50) imply that there exists small enough 0 < &, <1and large enough0 < J, <1
such that

5X
5p+2(4-5p)¥1+x‘ +(5p—3)V1+x*

arcslh(x) <

for all x(0,6, )and

5x

arcslh(x) >
() 5p+2(4-5p)YL+x* +(5p—-3)v1+x*

http://Aww.wjoms.com
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Therefore, Theorem 3.2 follows from Cases 2.1- 2.3 and the monotonicity of G, ().

Theorem 3.3 The double inequality

1

arctlh(x)

A+ (715-22,)1-x* +(4,—2/5)\1-x* ST

<

y +(715=241) 41— x* +(p, —2/5)V1—x*

holds for all 0 <|X| <1if and only if 4, >1/x =0.5393L and s <37/75=0.4933L .

Proof. Since 41— x*, /1—x* andarctlh(x)/ x are even functions, without loss of generality, we assume x € (0,1). Let

pe(0,1)and
X
H_(x)=arctlh(x)-
» () ) p+(7/5-2p)1-x* +(p—2/5)1-x* 1
Then elaborated computations lead to
limH, (x)=0, (52)
. 1
lLTHP(X):K_E’ (53)
2
(1—{‘/1—x“) g(«“/l—x“)
Hi()=— z 4
(1-x)"*[5p+(7-10p) - X" +(5p-2)\1 - |
where g () is defined as in Lemma 2.2. fimH_ (x)=0 (56)
p - Y.

We divide the proof into three cases.
Case 3.1 p=37/75. Then it can be obtained from
Lemma 2.2 (1), (52) and (55) that

H,(x)<0 (55)
forallxe(0,1).
Therefore,
arctlh(x) < 75X

37+ 3141 x* + 71— x*

for x € (0,1) follows from (51) and (55).
Case 3.2 p=1/x.Then Lemma 2.2 (2) and (54) lead

to the conclusion that there exists 5*6(0,1) such that
H,(x) is strictly increasing on (0, | and strictly de-
creasing on [é*,l) . Note that (53) becomes

http://www.wjoms.com

x—=1"

It follows from (52) and (56) together with the piece-
wise monotonicity of H  (X) that

H,(x)>0 (57)
forallxe(0,1).
Therefore,
arctlh(x) > SKX

5+(7x-10)41-x* +(5-2x)\1-x*

for all x € (0,1) follows from (51) and (57).

Case 3.3 37/75<p<1l/x . Then it follows from
(3.19), by Taylor expansion,
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H (x 1-9,1
lim pg )=i(p—3—7j>0, 58) forallxe(1-4;,1).
=0 X 16 75 Therefore, Theorem 3.3 follows from Cases 3.1- 3.3
imH_ (x)<0. (59) and the monotonicity of H_ ().
=t Theorem 3.4 The double inequality

Equations (51) and inequalities (58) and (59) imply that
there exists small enough 0<o, <1and large enough
0 < 8, <1such that

1 <arctl(x)
Ay +(715-22,) 1+ x* +(4, —2/5)N1+x* X

1
arctlh(x) > > S +(715— 20 ) X' + (g, —2/5)Le x
5p+(7-10p)1—x* +(5p-2)V1-x* Ha Ha Ha
forall xe(0,3,) and holds for all O<|x<l if and only if
4, 237/75=0.4933L and , < p, =0.4857L , where p,
arctih(x) < 9X is defined as_in Lemma 2.2. _
5p+(7-10p){1-x* +(5p-2)V1-x* Proof. Without loss of generality, we may assume

x€(0,1). Let p€(0,1) and

X
J_(x)=arctl(x)—
) ) e 2 +(p- 215 (60
Then simple computations lead to
!Lrg]Jp(x)zoy (61)
. 5
limJ (x)=7- 5
e 5(1-42) p+42(7-242)" (62
(“ 1+x* —1)2 g(x“}1+ x“)
J(x)= > (63)

(L+x)" (5p+(7-10p) 1+ X+ (5p-2)\1+ X"

where g (*) is defined as in Lemma 2.2.

We divide the proof into three cases.
Case 4.1 p=37/75. Then from Lemma 2.2 (1), (61) and (63) we clearly see that

3, (x)>0 (64)
forallxe(0,1).
Therefore,

75X
374311+ X + 71+ X

arctl(x) >

for x € (0,1) follows from (60) and (64).
Case 42 p=p,. Then Lemma 2.2 (3) and (63) lead to the conclusion that there exists ¢ €(0,1) such thatJ, () is
strictly decreasing on (0, g”] and strictly increasing on [4*,1) . Note that (62) becomes
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limJ (x)=0, (65)

x—1"

It follows from (61) and (65) together with the piecewise monotonicity of J, () that
J,(x)<0 (66)

forallxe(0,1).
Therefore, the inequality

5x
5p, +(7-10p, )41+ x* +(5p, —2)1+ X"

arctl (x) <

for all x € (0,1) follows from (60) and (66).
Case 4.3 p, < p<37/75. Then it follows from (60) and (3.30) that

- J,(x) 1 37)
lim=" == | p-2_|<0, 67
o0 X 16(p 75 7

limJ_ (x)>0 (68)

x—=1"

Equations (60) and inequalities (67) and (68) imply that there exists small enough 0 < &, <1and large enough0 <9, <1
such that

5x

5p+(7-10p)41+x* +(5p—2)v1+x*

arctl(x) <

for all xe (0,6, )and

5X
5p+(7-10p)¥1+x* +(5p—2)41+x*

arctl (x) >

forallxe(1-6,,1).
Therefore, Theorem 3.4 follows from Cases 4.1- 4.3 and the monotonicity of J, (X).

From Theorems 3.1- 3.4 we get Corollary 4.1 immediately.
Corollary 4.1 Let

po:[5—4/5(8—3{‘/5)0J/[5(1—{‘/§)20J:0.6844L and p1=[5—4/§(7—2{‘/§)r}/[5(1—{‘/§)2 r}=0.4857L then

the double inequalities

5wx 75X
<arcsl(x) <
5+ 2(4a)—5){‘/1—x4 +(5—3w)\/1—x4 () 52 +1641—x* + 71— x*"’
5X <arcslh(x) < 5X
52 +1641+ x* + 71+ x* 5p, +2(4-5p, )1+ x* +(5p, —3)V1+x" "’
OKX <arctlh(x) < 5%
5+(7x —10)\“/1— X' +(5-2x)\V1-x" 37+ 31— x* +71-x* "

http://www.wjoms.com
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5x

75X
<arctl(x) <
37+ 3141+ x* + 71+ x* ( )

forall 0<|x <1,
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